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Housekeeping
✴ Midterm project III  

✓ Evaluation after final exam (1st week of Feb) 

✴ Final Exam (as per IISc schedule) 

✓ Jan 23rd afternoon! 

✴ Extra class (Friday 15, nov, 430pm)
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Modeling uncertainity in deep learning
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Modeling uncertainty in deep learning 
✴ Standard deep learning tools for regression and classification do not 

capture model uncertainty.  

✴ In classification, predictive probabilities obtained at the end of the pipeline 
(the softmax output) are often erroneously interpreted as model confidence. 
A model can be uncertain in its predictions even with a high softmax output. 

✴ With model confidence at hand we can treat uncertain inputs and special 
cases explicitly. For example, in the case of classification, a model might 
return a result with high uncertainty. In this case we might decide to pass 
the input to a human for classification.
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✴ Bayesian probability theory offers us mathematically grounded tools to 
reason about model uncertainty, but these usually come with a prohibitive 
computational cost. 

✴ Goal - show that the use of dropout (and its variants) in NNs can be 
interpreted as a Bayesian approximation of a well known probabilistic 
model. 

✴ Goal - Develop tools for representing model uncertainty of existing dropout 
NNs – extracting information that has been thrown away so far. This 
mitigates the problem of representing model uncertainty in deep learning 
without sacrificing either computational complexity or test accuracy.
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Bayesian Deep Learning (Basics)



E9:309 Advanced Deep Learning

Roadmap
✴ Bayesian methods  

✓ Combine prior models with data to generate posterior distributions 

✴ Neural networks 

✓ learn functions of the data 

✓ need priors defined on functions 

๏ Example Gaussian process 

✴ Links of Bayesian learning to practices in deep learning like dropout
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Priors on functions (Gaussian Process)
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Introduction to Gaussian Processes 
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Definition of Gaussian process
✴ A Gaussian Process is a collection of random variables, any finite number of 

which have (consistent) joint Gaussian distributions. 

✴ A Gaussian process is fully specified by its mean function m(x) and 
covariance function k(x, x ).  

✴ This is a natural generalization of the Gaussian distribution whose mean and 
covariance is a vector and matrix, respectively. The Gaussian distribution is 
over vectors, whereas the Gaussian process is over functions.

<latexit sha1_base64="kr630j0m/L40PZ6TgrlO5hMPnjo="></latexit>

f ⇠ N (m, k)
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Introduction to Gaussian processes
✴ The individual random variables in a vector from a Gaussian distribution 

are indexed by their position in the vector.  

✴ For the Gaussian process it is the argument x (of the random function f(x)) 
which plays the role of index set: for every input x there is an associated 
random variable f(x), which is the value of the (stochastic) function f at that 
location.  

✴ For reasons of notational convenience, we will enumerate the x values of 
interest by the natural numbers, and use these indexes as if they were the 
indexes of the process



E9:309 Advanced Deep Learning

Introduction to Gaussian processes

<latexit sha1_base64="0Cgtf9p69FtAiT1HOGkZwshf4H4="></latexit>
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<latexit sha1_base64="w9Ebph91A8qs9Few9+nBDvZUgNQ="></latexit>

x ⇠ N (µ,⌃)
<latexit sha1_base64="Pr1KJAIQ4L25ISdtCMRUKIR90fM="></latexit>

f ⇠ N (m(x),k(x,x0))

✴ Mean will be function of x and variance will also be functions of two data points.
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Introduction to Gaussian processes
✴  Let us consider an example  

➡ Given the x-values we can evaluate the vector of means and a covariance 
matrix

<latexit sha1_base64="1oMfkj62DceUwJ0z7CXi8X4VEa0="></latexit>
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<latexit sha1_base64="dKtM/POJwcElt/lpbjt7/i9+JPA="></latexit>

f ⇠ N (µ,⌃)
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Introduction to Gaussian processes
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x ⇠ N (µ,⌃)
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f ⇠ N (m(x),k(x,x0))
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Gaussian process - Example
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Gaussian processes for Bayesian inference
✴ GP will be used as a prior for Bayesian inference.  

✴ The prior does not depend on the training data, but specifies some 
properties of the functions.  

✴ One of the primary goals computing the posterior is that it can be used to 
make predictions for unseen test cases.  

✴ Let f be the known function values of the training cases, and let f∗ be a set of 
function values corresponding to the test set inputs, X∗.

<latexit sha1_base64="DJWqqrr3bPxl/AVBWVgg5wJE4U8="></latexit>
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Gaussian processes for Bayesian inference
✴ Now the quantity of interest is the posterior distribution (for function values) 

✴ Thus, 

<latexit sha1_base64="mGCbKwo3XRKxFEBDAsfvw8clJqI="></latexit>
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<latexit sha1_base64="cBTs0sttzOMRSeYTyL80yGE6kOw="></latexit>

f |D ⇠ GP (mD, kD)

mD(x) = m(x) + ⌃(X, x)T⌃�1(f �m)

kD(x, x0) = k(x, x0)� ⌃(X, x)T⌃�1⌃(X, x0)
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Gaussian Processes 

✴ where Σ(X, x) is a vector of covariances between every training case and x. 
These are the central equations for Gaussian process predictions.  

✴ Let’s examine these equations for the posterior mean and covariance. 
Notice that the posterior variance kD(x, x) is equal to the prior variance k(x, 
x) minus a positive term, which depends on the training inputs;  

✴ thus the posterior variance is always smaller than the prior variance, since 
the data has given us some additional information
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Allowing for noise in the model
✴ Need to address one final issue: noise in the training outputs.  

✴ It is common to many applications of regression that there is noise in the 
observations6.  

✴ The most common assumption is that of additive i.i.d. Gaussian noise in the 
outputs. 

✴ In Gaussian process, the effect is that every f(x) has a extra covariance with 
itself only (since the noise is assumed independent), with a magnitude 
equal to the noise variance:
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Allowing for noise in the model

✴ Notice, that the indexes to the Kronecker’s delta is the identify of the cases, 
i, and not the inputs xi; you may have several cases with identical inputs, 
but the noise on these cases is assumed to be independent. 

✴

<latexit sha1_base64="fJJq767oHYCWKDiVWn6KB1tS7NQ="></latexit>

y(x) = f(x) + ✏, ✏ ⇠ N (0,�2
n)

f ⇠ GP (, k), y ⇠ GP (m, k + �2
n�i,i0)
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Allowing for noise in the model
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Dropout and its Bayesian Interpretation
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Broad goal
✴ Interpretation of dropout as a Bayesian model  

✓ offers an explanation to some of its properties, such as its ability to avoid 
over-fitting 

✓ our insights allow us to treat NNs with dropout as fully Bayesian models, 
and obtain uncertainty estimates over their features. 

✴ Mathematically, 

➡ we will show that a deep neural network (NN) with arbitrary depth and 
non-linearities, with dropout applied before every weight layer, is 
mathematically equivalent to an approximation to the probabilistic deep 
Gaussian process model
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Dropouts
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Dropout in NN
✴ Reviewing the dropout NN model   quickly for the case of a single hidden 

layer NN. This is done for ease of notation, and the generalisation to 
multiple layers is straightforward.  

✴ Denote by W1,W2 the weight matrices connecting the first layer to the 
hidden layer and connecting the hidden layer to the output layer 
respectively. These linearly transform the layers’ inputs before applying 
some element-wise non-linearity σ(·). Denote by b the biases by which we 
shift the input of the non-linearity. We assume the model to output D 
dimensional vectors while its input is Q dimensional vectors, with K hidden 
units. Thus W1 is a Q × K matrix, W2 is a K × D matrix, and b is a K 
dimensional vector. A standard NN model would  

<latexit sha1_base64="RvSiM/gG+FkXZ2BkP8mCXcBWIns="></latexit>

ŷ = �(xW1 + b)W2
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✴ Dropout is applied by sampling two binary vectors z1, z2 of dimensions Q 
and K respectively. The elements of the vectors are distributed according to 
a Bernoulli distribution with some parameter 

✴ Given an input x, (1 − p1) proportion of the elements of the input are set to 
zero. 

✴ The output with dropout can be expressed as 

<latexit sha1_base64="A/gzrxxXMzohERnMH2Wgnc5fay0="></latexit>

pi 2 {0, 1} i = 1, 2
<latexit sha1_base64="mkhhpzTvK9rrWk7VczahDsZQx80="></latexit>

z1q ⇠ Bernoulli(p1)

z2k ⇠ Bernoulli(p2)

<latexit sha1_base64="2h6uVOT23Nksp2YV4hTkmhFzoyc="></latexit>

ŷ = �(x(Z1W1) + b)(Z2W2)

Z1 = diag(z1) Z2 = diag(z2)
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Loss function
✴ Loss in regression networks  

✴ Loss in classification networks 

✴ With L2 regularization, the total loss is  

<latexit sha1_base64="1Hw3WFn/1KjB0jy6oE6fl22ujj8="></latexit>
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p̂nd =
exp(ŷnd)P
d0 exp(ŷnd0)

<latexit sha1_base64="825MmKT7Ez3TWZYL0YvqYXqE6d4="></latexit>
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<latexit sha1_base64="LZtkfcHi62RJtSxe4thl7CdOi6s="></latexit>

cn 2 [1...D]

<latexit sha1_base64="zCccBHXdTsgfA2IGwHmzMcm4GJE="></latexit>

Edropout = E + �1||W1||2 + �2||W2||2 + �3||b||2
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Gaussian process

✴ To model the data we have to choose a covariance function K(X1, X2) for the 
Gaussian distribution. This function defines the (scalar) similarity between 
every pair of input points K(xi , xj ).  

✴ Given a finite dataset of size N this function induces an N × N covariance 
matrix which we will denote K := K(X, X). 

<latexit sha1_base64="uvJ+1gLYANYYZnmy4hOiS/oyMJ8="></latexit>
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Variational Inference
✴ The output probability distribution on some unseen test data  

✴ condition the model on a finite set of random variables ω  

✓ like the weights of the model. 

✴ The distribution p(ω|X, Y) cannot usually be evaluated analytically. Instead 
we define an approximating variational distribution q(ω)

<latexit sha1_base64="TuVUofFHOpZFN6qRSlHY3orsQYk="></latexit>

p(y⇤|x⇤,X,Y) =
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